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Abstrat. We prove the existene of a limit of the nite volume probability
measures generated by tree growth rules in Ford's alpha model of phylogeneti
trees. The limiting measure is shown to be onentrated on the set of trees on-
sisting of exatly one innite spine with nite, identially and independently
distributed outgrowths.
1. Introdution
Graphs are used in many elds of siene to desribe relationships between in-
dividuals and to model atual physial objets. The former ase inludes soial
networks [2℄, phylogeneti trees [3, 13, 14℄, the world-wide web [1℄ and muh more.
The latter ase inludes disrete objets suh as maromoleules [10℄ and branhed
polymers [2℄. The graphs an also serve as disrete approximations to inherently
ontinuous objets, an example of this being triangulation of manifolds in quantum
gravity, see e.g. [4℄.
Random graphs are ommonly used to desribe real deterministi networks. In-
terations and relations in the networks an be ompliated but their harateristis
are in some ases aptured by random graph models, dened by simple rules whih
are motivated by the nature of the real network. The alpha model, introdued by
D. Ford in [13℄, is an example of a random graph model, intended to desribe phy-
logeneti trees. It is a one parameter model of randomly growing, rooted, planar,
binary trees with the following growth rules. Start from a single rooted edge and
from a tree on n leaves, selet individual internal edges with probability weight α
and individual leaves with probability weight 1− α where 0 ≤ α ≤ 1. Graft a new
leaf to a seleted edge and thus generate a tree on n+ 1 leaves, see Fig. 1.
Ford proved that the model is Markovian self-similar whih means informally
that a subtree below an edge is distributed identially to the whole tree, a more
preise denition will be given in the main setion. He also showed that typial
distanes in the trees sale as nα with the system size n. The Hausdor dimension
of a randomly growing tree is dened to be dH given that typial distanes sale as
n1/dH . Thus, in the alpha model dH = 1/α.
In a reent paper [14℄ the ontinuum limit of the model has been established in
the ontext of fragmentation proesses [5℄. A generalization to multinary trees is
introdued in [7℄ in the alpha-gamma model where in addition to the growth rules
of the alpha model, edges an be grafted onto verties, inreasing their degree. The
alpha-gamma trees are shown to be Markovian self-similar and a ontinuum limit
is established.
Our motivation to study the alpha model omes from the fat that it is a ertain
limiting ase of a model of random trees whih grow by vertex splitting, introdued
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in [8℄ where the relation is explained. In general the vertex splitting model does
not share some of the tehnially onvenient properties of the alpha model suh
as Markovian self-similarity, and it is more diult to do exat alulations. The
hope is that some of these properties might hold asymptotially for large trees and
therefore a good understanding of the alpha model ould be helpful.
The purpose of this paper is to establish onvergene of the nite volume mea-
sures generated by the alpha model to a measure on innite trees. For 0 < α ≤ 1,
the innite measure is shown to be onentrated on the set of trees onsisting of
exatly one innite path from the root to innity (spine) with nite, identially and
independently distributed outgrowths.
2. Convergene of the finite volume measures
We start with a few denitions before presenting the model. In this paper we
only onsider rooted, binary, planar trees. Rooted means that we mark a single
vertex of degree 1, binary means that verties are only allowed to have degree 1 or
3 and the planarity ondition distinguishes between left and right branhings. The
root and verties of degree 3 will be referred to as internal verties and verties of
degree 1, besides the root, will be referred to as leaves. Denote the set of trees on
n leaves by Tn and denote the set of all nite or innite trees by T .
The alpha model is dened by probability distributions πα,n on Tn, for n ≥ 1,
onstruted in the following reursive way. Assign probability one to the unique
trees in T1 and T2. Given πα,n for some n ≥ 2, πα,n+1 is generated by rst seleting
a tree τ ∈ Tn aording to πα,n. Next an individual edge (a, b) is seleted from
τ with probability α/(n − α) if a and b are internal verties and with probability
(1− α)/(n− α) if one is an internal vertex and the other a leaf. The edge (a, b) is
removed from τ and two new verties c and d are introdued along with the edges
(a, c), (c, b) and (c, d). Equal probability is assigned to left and right branhing of
b′
b
c
a
d
1 − α
α
a′
d
c
Figure 1. The grafting proess. The link (a, b) is seleted with
probability weight α and the link (a′, b′) is seleted with probability
weight 1−α. The seleted link is removed, two new verties c and
d and three new links are added as shown in the gure. In this
example, a is the root whih is indiated by a dashed line.
the new edge (c, d). One an think about this proedure as grafting a new edge to
an existing edge in τ , see Fig. 1. The probability of a tree τ ′ ∈ Tn+1 is thus given
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by
πα,n+1(τ
′) =
∑
τ∈Tn
πα,n(τ)P(τ → τ
′) (1)
where P(τ → τ ′) is the probability of growing the tree τ ′ from τ by the grafting
proess.
The model has a property alled Markovian self-similarity [13℄ whih is essential
in the indutive proof of the theorem in this paper. Markovian self-similarity means
that there exists a funtion qα(·, ·) suh that for every nite tree τ0 whih branhes
at the nearest neighbour of the root to a left tree τ1 and a right tree τ2 (see Fig. 2)
the following holds
πα,|τ0|(τ0) = qα(|τ1|, |τ2|)πα,|τ1|(τ1)πα,|τ2|(τ2) (2)
where |τ | denotes the number of leaves in a tree τ . In words, this says that
τ0
τ2τ1
Figure 2. An example of a tree τ0 whih has a root indiated by
the dashed line. The tree τ0 branhes at the nearest neighbour of
the root to two subtrees, τ1 to the left and τ2 to the right as is
indiated by the dotted lines.
qα(n1, n2) is the probability of a tree branhing to subtrees of sizes n1 and n2.
Furthermore, given that the subtrees are of these sizes they are distributed inde-
pendently by πα,n1 and πα,n2 . The funtion qα is expliitly known [13℄ and is given
by
qα(n1, n2) =
n!Γα(n1)Γα(n2)
n1!n2!Γα(n)
(
α
2
+
(1− 2α)n1n2
n(n− 1)
)
where n = n1 + n2,
Γα(n) = (n− 1− α)(n− 2− α) · · · (2− α)(1 − α), and Γα(1) = 1. (3)
Before proeeding to the theorem we give a short explanation of what is meant
by onvergene of probability measures. For a tree τ ∈ T let BR(τ) be the subtree
of τ whih is spanned by the verties at distane less than or equal to R from the
root of τ . Dene a metri d on T by
d(τ, τ ′) = inf
{
1
1 +R
∣∣∣ BR(τ) = BR(τ ′)
}
. (4)
For some properties of the metri spae (T, d) see [6, 11℄. We will establish weak
onvergene, as n→∞ of the measures πα,n viewed as probability measures on T ,
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to a probability measure πα. This means that for all bounded funtions f whih
are ontinuous in the topology generated by the metri d∫
T
f(τ)dπα,n −→
∫
T
f(τ)dπα, as n −→∞. (5)
Theorem 2.1. Let 0 < α ≤ 1. The measures πα,n, viewed as probability measures
on T , onverge weakly, as n −→ ∞, to a probability measure πα on innite trees
whih is onentrated on the set of trees with one innite rooted spine with nite
outgrowths i.i.d. by
µα(τ) =
αΓα(|τ |)
|τ |!
πα,|τ |(τ). (6)
The probabilities of right and left branhing of outgrowths are equal (see Fig. 3).
µα µα µα µα
µα µα µα
Figure 3. The innite spine with nite µαoutgrowths.
Proof. We all the maximum graph distane from the root to a leaf in a tree,
the height of the tree. Let T (R) be the set of rooted trees of height R. The metri
spae (T, d) is ompat and therefore it is suient to show that for any R ≥ 1 and
any τ0 ∈ T
(R)
the sequene
πα,n({τ |BR(τ) = τ0}) =: π
(R)
α,n(τ0) (7)
onverges to a limit π
(R)
α (τ0) as n −→ ∞ [11℄. We show this by indution on R.
For R = 1 this is trivial sine B1(τ) ∈ T
(1)
for all τ . Now assume that for some R
and all τ ∈ T (R), π
(R)
α,n(τ) onverges as n −→ ∞. Choose a tree τ0 ∈ T
(R+1)
and
without loss of generality, assume it branhes at the nearest neighbour of the root
to a left tree τ1 ∈ T
(R)
and a right tree τ2 ∈ T
(S)
(see Fig. 2) where S ≤ R. Then
π(R+1)α,n (τ0) =
∑
n1+n2=n
qα(n1, n2)π
(R)
α,n1(τ1)π
(R)
α,n2(τ2)
=
n!
Γα(n)
(α
2
∑
n1+n2=n
Γα(n1)Γα(n2)
n1!n2!
π(R)α,n1(τ1)π
(R)
α,n2(τ2)
+
1− 2α
n(n− 1)
∑
n1+n2=n
Γα(n1)Γα(n2)
(n1 − 1)!(n2 − 1)!
π(R)α,n1(τ1)π
(R)
α,n2(τ2)
)
.
(8)
If S < R then π
(R)
α,n2(τ2) = 0 when n2 > ℓ(τ2) and it is obvious from the indution
hypothesis that π
(R+1)
α,n (τ0) onverges. Therefore assume that S = R.
Note that in (8) it always holds that either n1 ≤ n− 1 and n2 ≤ n or n2 ≤ n− 1
and n1 ≤ n. Therefore we have the upper bound
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π(R+1)α,n (τ0) ≤
n!
Γα(n)
∑
n1+n2=n
Γα(n1)Γα(n2)
n1!n2!
.
Terms in the sums in (8) for whih n1 ≥
n
2 and n2 > A or n2 ≥
n
2 and n1 > A
where A > 1 is some onstant are therefore bounded from above by
2n!
Γα(n)
∑
n1+n2=n
n1≥n/2,n2>A
Γα(n1)Γα(n2)
n1!n2!
≤
2n!Γα([n/2])
Γα(n)[n/2]!
∞∑
n2=A
Γα(n2)
n2!
≤ C
∞∑
n2=A
Γα(n2)
n2!
−→
A−→∞ 0 (9)
where C is a onstant. The remaining ontribution to (8) is from terms where
n1 ≥
n
2 and n2 < A or n2 ≥
n
2 and n1 < A. Notie that the seond term in that
ontribution to (8) will be of one order lower in n than the rst term. Therefore
it is enough to show that the rst term onverges as n→∞ sine then the seond
term learly onverges to zero. The ontribution to the rst term is
n!
Γα(n)
α
2
2∑
i=1
∑
n1+n2=n
nj≤A,j 6=i
Γα(n1)Γα(n2)
n1!n2!
π(R)α,n1(τ1)π
(R)
α,n2(τ2)
−→
n−→∞
1
2
2∑
i=1
j 6=i
π(R)α (τi)
A∑
m=1
αΓα(m)
m!
π(R)α,m(τj)
−→
A−→∞
1
2
2∑
i=1
j 6=i
π(R)α (τi)
∞∑
m=1
αΓα(m)
m!
π(R)α,m(τj). (10)
In the rst step we used the indution hypothesis. This is the limit of π
(R+1)
α,n (τ0)
as n −→∞. The fat that the sum in (9) onverges to zero as A→∞ proves that
the measure is onentrated on the set of trees with exatly one innite spine. The
last sum in (10) shows that the distribution of the nite outgrowths is given by µα.

3. Conlusions
We have shown that the nite volume measures πα,n generated by the growth
rules of Ford's alpha model onverge, as n→∞, to a measure on innite trees. The
limiting measure is onentrated on the set of trees onsisting of exatly one innite
spine with nite outgrowths, independently distributed by µα. The emergene of a
single spine is well known from models of size onditioned ritial Galton Watson
trees [12℄. The ase α = 1/2 is in fat a speial ase of suh a tree. However, in the
vertex splitting model it is possible that an innite number of spines emerge. This
happens for example in the speial ase of the preferential attahment model [9℄ and
in the ase α = 0 in the alpha model. In both these ases the Hausdor dimension
is innite. One interesting question is whether a nite Hausdor dimension is
equivalent to the emergene of a single spine and whether an innite Hausdor
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dimension is equivalent to the existene of innite number of spines in the vertex
splitting model.
An obvious next step is to use the formula for the limiting measure to alulate
some global properties of the alpha trees suh as the Hausdor dimension and the
spetral dimension. The Hausdor dimension of an innite random tree given by a
probability distribution ν is dened as dH if
〈VR〉ν ∼ R
dH
(11)
where VR(τ) is the number of edges in a ball BR(τ) and 〈·〉ν denotes expetation
with respet to ν. The above denition should oinide with the one given by the
saling of a typial distane in a nite tree as disussed in the introdution. This
will be heked expliitly in a forthoming paper.
The spetral dimension of an innite random tree as above is dened as ds if
〈p(t)〉ν ∼ t
−ds/2
(12)
where pτ (t) is the probability that a simple random walk whih starts at the root
of a tree τ at time t = 0 is bak at the root at time t. The tehniques used in [12℄
give a way to estimate the spetral dimension of the alpha model from knowl-
edge of the large R behaviour of the quantities 〈|BR|〉µα , µα{τ | height of τ > R}
and 〈|BR|
−1〉piα . Using the formula for the limiting measure and the Markovian
self-similarity properties of the outgrowths one an write reursion equations for
generating funtions of these quantities. Preliminary results indiate that indeed
dH = 1/α in agreement with the nite saling denition and ds = 2/(1 + α). In
the ase α = 1 this is trivially true and in the ase α = 1/2 the result is known to
be true by onnetion to Galton Watson trees [12℄. For other values of α this has
not yet been proven.
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